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Abstract-In this paper, we consider a repair-time limit replacement problem with imperfect 
repair and discounting, and focus on the pr6blem to determine the optimal repair-time limit which 
minimizes the expected total discounted cost over an infinite time horizon. Based upon a sophisticated 
graphical idea, we develop a nonparametric method to estimate the optimal repair-time limit from 
the empirical repair-time data. Numerical examples are devoted to estimate the optimal policy and 
to examine the asymptotic properties of the estimator. @ 2003 Elsevier Ltd. All rights reserved. 
Keywords-Maintenance optimization, Repair limit replacement policy, Incomplete repair, Dis- 
counting, Nonparametric estimation. 
1. INTRODUCTION 
Since the seminal contribution by Hastings [l], a large number of repair limit replacement prob- 
lems were analyzed in the literature. This paper concerns a different type of repair-time limit 
replacement problem with imperfect repair from Nguyen and Murthy [2]. More specifically, con- 
sider a single-unit system where each spare is provided only by an order after a lead time and 
each failed unit is repairable. When the unit fails, one estimates the completion time of repair, 
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which may be a possibly subjective one. If one estimates that the repair is completed up to a 
prespecified time-limit at the failure point of time, then the repair is started immediately; other- 
wise, the spare unit is ordered with a lead time. Since the repair is imperfect, the repaired unit or 
the ordered one fails again during a finite time horizon. Nakagawa and Osaki [3] considered the 
similar problem to determine the optimal repair-time limit which minimizes the expected cost 
per unit time in the steady-state, though they did not take account of the imperfect repair. 
Since the knowledge of the repair-time distribution is incomplete in general, any statistical 
estimation method for the optimal repair-time limit will be needed in practical situations. Dohi 
et al. [4] developed a nonparametric method to estimate the optimal repair-time limit applying 
the total time on test (TTT) statistics for the problem with imperfect repair by Nguyen and 
Murthy [2]. Also, Dohi et al. [5] showed that the TTT method is applicable to a repair-cost limit 
replacement problem with imperfect repair. Recently, Dohi et al. [6] proposed a new graphical 
method based on the Lorenz transform [7,8], for the repair-time limit replacement problem with 
imperfect repair under the expected cost criterion per unit time in the steady-state. 
However, if the maintenance operation is performed for a sufficiently large planning horizon, 
then it is important to take account of an effect of discount factor in estimating the operating cost. 
In other words, it will be useful under a fluctuating economic circumstance that the repair-time 
limit schedule is designed so as to minimize the expected total discounted cost over an infinite 
time horizon. In fact, for the repair limit replacement problem with discounting, the Lorenz 
method in [6] cannot be applied directly to determine the optimal repair limit policy. The main 
purpose of this paper is to develop a new statistical method for the optimal repair-time limit 
under the expected total discounted cost criterion, from the complete sample of repair-time data. 
The paper is organized as follows. In Section 2, we describe the repair-time limit replacement 
problem under consideration and define the notation and assumptions. In Section 3, the optimal 
repair-time limit is analytically derived under the assumption that the knowledge on the repair- 
time distribution is complete. In Section 4, the underlying problem to seek the optimal repair 
limit replacement policy is translated to a graphical one. Then, the similar but somewhat different 
geometrical idea from [6] is introduced and plays an important role for the translation. Next, 
we develop a nonparametric statistical estimation method for the optimal repair-time limit from 
the empirical data. It is found that the repair limit problem with discounting shows quite 
different aspects from the nondiscounting problem. Numerical examples are devoted to illustrate 
the asymptotic behaviour of estimates for the optimal repair-time limit and the corresponding 
minimum expected cost in Section 5. Finally, the paper is concluded with some remarks in 
Section 6. 
2. MODEL DESCRIPTION 
The repair time X for each unit is a nonnegative iid. random variable. The decision maker 
has a subjective probability distribution function Pr{X 1. t} = G(t) on the repair time, with 
density g(t) (> 0) and finite mean l/p (> 0). Suppose that the distribution function G(t) E [0, l] 
is arbitrary, continuous, and strictly increasing in t E [0, co), and in addition has an inverse func- 
tion, i.e., G-l(.). Suppose that the time to failure for a repaired unit, Yr, is a nonnegative i.i.d. 
random variable having the probability distribution function J’i (t) with density function fr (t) and 
finite mean 1/X1 (> 0). Also, the time to failure for a new (spare) unit, YQ, is a nonnegative i.i.d. 
random variable having the probability distribution function Fz(t) with density function fz(t) 
and finite mean l/Xz (> 0). Further, we define 
tc E [0, 00): repair-time limit (decision variable); 
kf (> 0): penalty cost per unit time when the system is in down state; 
k, (> 0): repair cost per unit time; 
c (> 0): fixed cost associated with the ordering of a new unit; 
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L (> 0): lead time for delivery of a new unit; 
,8 (> 0): discount factor. 
: 
Consider a single-unit repairable system, where each spare is provided only by an order after 
a lead time L and each failed unit is repairable. When the unit has failed at time t = 0, the 
decision maker wishes to determine whether he or she should repair it or should order a new 
spare. If the decision maker estimates that the repair is completed within a prespecified time 
limit to E [0, oo), then the repair is started immediately at t = 0 and completes at time t = X. 
After the completion of repair, the unit starts to operate again, but fails again for a finite time 
span since the repair is imperfect. 
On the other hand, if the decision maker estimates that the repair time exceeds the time limit to, 
then the failed unit is scrapped at time t = 0 and a new spare unit is ordered immediately. A 
new unit is delivered after the lead time L. Further, the new unit also fails for a finite time span. 
Without any loss of generality, it is assumed that the time required for replacement is negligible. 
Under these model settings, we define the interval from the failure point of time to the following 
failure time as one cycle. Figure 1 depicts the configuration of the repair limit replacement model 
under consideration. 
time 
)( : failure (renewal point) 
0 : recovery point for a unit 
- : operation period 
- : repair period 
I.. : lead time 
Figure 1. Configuration of the repair limit replacement model. 
We make the following additional assumptions: 
(A-1) (~~+~~)[~~f~(P)~exp(-PL)-~~f~(P)~l+~~~~~~~~~~~~l-exp(-PL)~+c~exp(-PL)l >O, 
64-2) (k.f + h-)[l - W2(P)Iexp(-PL)l > P[bU - exd-PL>)lP + cexd-@)I, 
where l{fi(p)} = so” exp(-@r) dFi(z) (i = 1,2) is the Laplace-Stieljes transform of Fi(t). These 
assumptions might be somewhat technical, but will be needed to prove the unique optimal repair- 
time limit. 
3. EXPECTED TOTAL DISCOUNTED COST 
Let us formulate the expected total discounted cost over an infinite time horizon. If the 
decision maker judges that a new spare unit should be ordered, then the ordering cost for 
one cycle is Jtycexp(-PL) dG(t). In th is case, the expected penalty cost for one cycle is 
St: s,” kf exp(-pz) &dG(t). On th e other hand, if he or she selects the repair option, the 
expected penalty cost for one cycle is /: $ kf exp(-/3s) dz dG(t) and the expected repair cost 
for one cycle is Joto Jot k, exp( -pz) dz dG(t). Th us, the expected discounted cost during one cycle 
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is 
v(t,) = (Icy + kf) J P 0 “{I - exp(-Pt)} dG(t) + k”l - eT(UPL)’ + cexp(-IX)] c(to), (1) 
where in general q(.) = 1 - g(s). Also, the discounted value of unit cost after one cycle becomes 
to 00 Wo) = JJ 
co 00 
exp(-P[t + ~1) dFl(z) dG(t) + JJ exp(-P[L + ~1) d&(z) dG(t) 
=;,,LllJto 
to 0 
exp(-Pt) dG(t) + C(f2(P))exp(-PL)~:(to). 
0 
Then the expected total discounted cost over an infinite time horizon is 
TC(hJ) = 2 v(to)c5(to)n = E, 
n=O 
and the problem is to determine the optimal repair-time limit tz E [0, co) satisfying 
TC (ti) = ,<yi=, TC(to). 
-0 
Differentiating TC(to) with respect to to yields 
where 
idto) $ TC(to) = - . 
0 qt,>2 qdto), 
qo(t0) = (” i kf) (1 - exp(-Pto)} - Icf’l - eT(-PL)’ - cexp(-PL)] 6(to) 
- W2MIew(-P~) -~c(fi(P)}exp(-Pt0)lV(t0). 
(2) 
(3) 
(4) 
(5) 
(6) 
We have the following result to guarantee the existence of the optimal repair-time limit ana- 
lytically. 
THEOREM 1. Under Assumptions (A-l) and (A-21, there exists a finite and unique optimal 
repair-time limit tz (0 < t;l < co) which satisfies the nonlinear equation qO(tz) = 0, and the 
minimum expected total discounted cost becomes 
TC(tg) = (b + 4) (1 - exp (-/WI lP - W - exP(-PL)lIP - cewd-PQ 
Wi(P))exd-P~5) -Wi(P)llew(-PG) 
PROOF. Differentiating qO(t0) with respect to to yields 
f 40 (to) = exp (-Pto)Z(to) , 
where 
Z(to) = (b + WWO) -W{f1(P))Wob 
The further differentiation yields 
& Z(t0) = dt0) Kkf + h-1 {Wi(P)l exd-PL) - Wl(P)l~ 
+ WI(P)) {kf{l- exp(-PL)) + cPexp(-P~)Il > 0, 
(7) 
(8) 
(9) 
(10) 
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which is due to (A-l). Also, since 
z(O) = (kf + h-) (1 - W2(P))exp(-P~)) 
- PWl(P)I { 
&Al - exd-PGII 
p + cexp(-PL) > 0 
1 
(11) 
from (A-2), we have Z(te) > 0. From this result, it is seen that the function TC(te) is strictly 
convex in tc. Further, it is straightforward to confirm 
Qo(O) = - [ 
k,Al - exp(-PQI 
P + cexd-PL) [l - Wi(P))l < 0 1 (12) 
and 
+Qexp(-PL)}]+ j [(kl+k,){l-L{fi(P)}exp(-~L)}-p(ki’l~e~(+L)’ (13) 
+cexp(-PL) }I > 0 
from both (A-l) and (A-2), where L{g(p)} = Jomexp(-/3x) dG(z). The proof is completed. 
In the following section, we develop a graphical method for the repair-time limit replacement 
problem, applying the similar idea to the Lorenz curve [7,8]. The result is applied directly to a 
statistical nonparametric problem to estimate the optimal repair-time limit from the empirical 
repair-time data. 
4. GRAPHICAL METHOD 
Define the following transform: 
s G-‘(P) 4pb) = 1 - exp(-b) Ws), (14 0 
where 
G-l(p) = inf{to I G(to) 2 P}, O<p<l. (15) 
From a few algebraic manipulations, we obtain 
where al = (k,. + kf)/P (> 0), a2 = h/P + {kf/P - c)exp(+) (> O), a3 = WI(P)) (> O), 
a4 = W2U3>~ex~(-P~5) (> O), and us = 1 - C{fi(p)} - L{fz@)}exp(-PL). Hence, the 
optimization problem in equation (4) can be rewritten by minolp5i R?(p). 
LEMMA 1. 
(17) 
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THEOREM 2. Under Assumptions (A-l) and (A-2), the minimization problem in equation (4) is 
equivalent to 
max EL44 + ra 
O<p<l . p+c ’ 
(18) 
where b(p) = ii - 4d~)~lWP)~~ 
a=-& l+ { 
a2a4 + ala4ada3 
a2a3 - ala4 
+z 
1 
(19) 
and 
(-=- a2 + ala5/a3 
a2 - ala4/a3 ’ (20) 
For the proof, see [4]. The theorem above means as follows. In the two-dimensional plane 
(x, y) E R2, plot th e curve (p,&(p)) E [0, l] x [0, l] and the point B(-C, -a), where a: > 0 and 
(; > 0 from the assumptions. Then the problem is the determination of p* to give the maximum 
slope from the point B to the curve (p, &(p)).‘S ince there exists the inverse function G-l (.), the 
optimal repair-time limit is given by t;j = G-l(p*). Th is result is essentially same as Theorem 1, 
but it is interesting that one can graphically obtain the optimal repair-time limit when the repair- 
time distribution is completely known. In other words, this graphical idea becomes an important 
hint to develop a nonparametric method to estimate the optimal repair-time limit replacement 
policy from the empirical repair-time data. 
Next, we propose a statistical method to estimate the optimal repair-time limit using an 
empirical curve from complete samples on the repair time. Suppose that the optimal repair- 
time limit has to be estimated from an ordered complete sample 0 = ~0 5 ~1 5 22 5 . . . < zn of 
repair times from an absolutely continuous repair-time distribution G, which is unknown. The 
estimator of the repair-time distribution should be the following empirical distribution: 
i 
Gin(x) z n’ 
i 
for xi 5 5 < xi+lr 
(21) 
1, for 2, 5 x, 
where i = O,l, 2,. . . , n - 1. On the other hand, the nonparametric estimator of [o(p) in equa- 
tion (18) is defined by 
EL = 1 - df-2 
! 
7 
i 
(22) 
1 - /3 5 [l - (j - 1)/n] (xj - xj-1) exp (-Pxj) 
I j=l 
t 
l-;+pk 1-q 
‘[ j=l 
& = exp(-@xi) (23) 
where 
By plotting the point (i/n, <fn), i = 0, 1,2,. . . ,n, and connecting them by line segments, we 
obtain the sample curve. 
The following result is the empirical counterpart of Theorem 2. 
THEOREM 3. The estimator of the optimal repair-time limit which minimizes the expected total 
discounted cost over an infinite time horizon is $, = xt, where 
Of our next interest is the convergence speed of the estimators $ and TC(g). We examine 
numerically the strong consistent property of the estimator 6 in the following section. 
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5. NUMERICAL ILLUSTRATIONS 
In this section, we present three examples to understand the graphical and statistical methods 
proposed in the previous sections. 
EXAMPLE 1. Suppose that the repair-time distribution G(t) is known and obeys the Weibull 
distribution 
(25) 
with the shape parameter y = 1.5 and the scale parameter 0 = 1.2. The other model parameters 
are c = lO.OOOO($), L = 5.0000 (day), ICf = 3.0000 ($/day), Ic, = 1.2000 ($/day), and ,L? = 
0.0500. The determination of the optimal repair-time limit is presented in Figure 2. In this 
case, we have B = (-0.8524, -0.8540) and the optimal point with maximum slope from B is 
(p*, &I@*)) = (0.3530,0.5167). Thus, the optimal repair-time limit and the minimum expected 
cost are t: = G-l(0.3530) = 13.1971 (day) and TC(tz) = 79.2792 ($), respectively. 
L(g(/3))=0.4543 ---. 
Lcf*@))=0.9550 
Lcf*(B)} =0.9500 
/9=0.0500 
L=5.m0 
c = lO.oooo 0.5161 
k,=3.oooo 
k,= 1.2ocO 
r; = 13.1971 
TC(r;) = 79.2792 -0.8524 
T-7 B vi . .-.... _._  . . . _._...--...... 
. .._..___.. I/ 1 
0330 P 
-0.8540 
EXAMPLE 2. The repair-time data are made by the random number following the Weibull distri- 
bution with shape parameter y = 1.5 and scale parameter 0 = 1.2. The other model parameters 
are the same as Example 1 except that L{g(p)} = 0.5369. Th e sample curve based on the 20 sam- 
ple data is shown in Figure 3. Since B = (-0.8524, -0.7226), the optimal point with maximum 
slope from B becomes (i*/n,$,J = (11/20,EP rr,sc) = (0.5500,0.7273). Hence, the estimates 
of the optimal repair-time limit and the minimum expected cost are $ = 17.1523 (day) and 
TC(i?~) = 81.5756 ($), respectively. 
EXAMPLE 3. Suppose that the repair-time distribution and model parameters are similar to those 
in Example 2. Then the real optimal repair-time limit and the minimum expected cost become 
tz = 13.1971 (day) and TC(t~) = 79.2792 ($), respectively. On the other hand, the asymptotic 
behaviour of estimates for the optimal repair-time limit and the corresponding minimum expected 
cost are depicted in Figures 4 and 5, respectively. From these figures, we observe that the 
estimates converge to the corresponding real optima around where the number of data is 30. In 
Figure 2. Determination of the optimal repair-time limit. 
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sl 
L{g(p)} = 0.5369 
Lcfi(B)} = 0.9550 
L&(p)} = 0.9500 
p = 0.0500 
L=5.oooo 
c = lO.oOoO 
k,= 3.oooo 
Figure 3. Estimation of the optimal repair-time limit. 
..I to 
to’ = 13.1971 * AA VW 
0 1’ l 
0 50 loo 150 n 
Figure 4. Asymptotic behaviour of the estimate for the optimal repair-time limit. 
TC ( i;) 
TC($) = 79.27% 
0 w 
I 50 1w 150 n 
Figure 5. Asymptotic behaviour of the estimate for the minimum expected total 
discounted cost. 
A- 
/ 
other words, without specifying the repair-time distribution, the proposed nonparametric method 
may function well to estimate the optimal repair-time limit precisely. 
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6. CONCLUSION 
In this paper, we have developed a new graphical device to calculate the optimal repair-time 
limit replacement policy with imperfect repair and discounting. The basic idea is similar to the 
classical one by the TTT transform, but it should be noted that the underlying maintenance 
problem is quite different from the TTT-based problem. In numerical examples, it has been 
observed that the nonparametric method based on the empirical curve has nice convergence 
properties, although any estimator related with the empirical distribution does not converge to 
the real optimal at earlier phase and more than 50 data are needed to get the satisfactory estimate 
from our experiences. In that sense, the method proposed here will be useful to estimate the 
optimal repair-time limit replacement policy in practice. 
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